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^ ; Introduction 

l/"~) , The large deviation principle (LDP) for Brownian motion (3 on [0, 1] - contained in Schilder's 

theorem (Schilder (1966)) - describes the exponential decay of the probabilities with which y/e/3 
takes values in closed or open subsets of the path space of continuous functions in which the 

p^j trajectories of /3 live. The path space is equipped with the topology generated by the uniform 

norm. The decay is dominated by a rate function capturing the 'energy' ^ L (f(t)) 2 dt of functions 
/ on the Cameron-Martin space for which a square integrable derivative exists. Schilder's theorem 
is of central importance to the theory of large deviations for randomly perturbed dynamical systems 
or diffusions taking their values in spaces of continuous functions (see Freidlin and Wentzell (1998), 
Dembo and Zeitouni (1998), and references therein, Galves et al. (1987)). A version of Schilder's 
theorem for a Q- Wiener processes W taking values in a separable Hilbert space H is well known (see 
Da Prato and Zabczyk (1992). Theorem 12.7 gives an LDP for Gaussian laws on Banach spaces). 
Here Q is a self adjoint positive trace class operator on H. If (Aj).;>o are its summable eigenvalues 
with respect to an eigenbasis (ek)k>o i n H, W may be represented with respect to a sequence of 
one dimensional Wiener processes (f3k)k>o by W = Ylfc=o ^kPk &k- The LDP in this framework can 
be derived by means of techniques of reproducing kernel Hilbert spaces (see Da Prato and Zabczyk 
(1992), Chapter 12.1). The rate function is then given by an analogous energy functional for which 
/ 2 is replaced by ||<5 _ 2.F|| 2 for continuous functions F possessing square integrable derivatives F 
on [0,1]. 

Schilder's theorem for (3 may for instance be derived via approximation of (3 by random walks 
from LDP principles for discrete processes (see Dembo and Zeitouni (1998)). Baldi and Roynette 
(1992) give a very elegant alternative proof of Schilder's theorem, the starting point of which is a 



Fourier decomposition of j3 by a complete orthonormal system (CONS) in L 2 ([0, 1]). The rate func- 
tion for j3 is then simply calculated by the rate functions of one-dimensional Gaussian unit variables. 
In this approach, the LDP is first proved for balls of the topology, and then generalized by means of 
exponential tightness to open and closed sets of the topology. As a special feature of the approach, 
Schilder's theorem is obtained in a stricter sense on all spaces of Holder continuous functions of order 
a < i. This enhancement results quite naturally from a characterization of the Holder topologies 
on function spaces by appropriate infinite sequence spaces (see Ciesielski (I960)). Representing the 
one-dimensional Brownian motions /3k for instance by the CONS of Haar functions on [0,1], we 
obtain a description of the Hilbert space valued Wiener process W in which a double sequence of 
independent standard normal variables describes randomness. Starting with this observation, in this 
paper we extend the direct proof of Schilder's theorem by Baldi and Roynette (1992) to Q- Wiener 
processes W with values on H. On the way, we also retrieve the enhancement of the LDP to spaces 
of Holder continuous functions on [0, 1] of order a < ^. The idea of approaching problems related 
to stochastic processes with values in function spaces by sequence space methods via Ciesielski's 
isomorphism is not new: it has been employed in Ben Arous and Gradinaru (1994) to give an al- 
ternative treatment of the support theorem for Brownian motion, in Ben Arous and Ledoux (1994) 
to enhance the Freidlin-Wentzell theory from the uniform to Holder norms, and in Eddahbi et al. 
(1999) and Eddahbi and Ouknine (1997) further to Besov-Orlicz spaces. 

In Section 1 we first give a generalization of Ciesielski's isomorphism of spaces of Holder con- 
tinuous functions and sequence spaces to functions with values on Hilbert spaces. We briefly recall 
the basic notions of Gaussian measures and Wiener processes on Hilbert spaces. Using Ciesielski's 
isomorphism we give a Schauder representation of Wiener processes with values in H. Additionally 
we give a short overview of concepts and results from the theory of LDP needed in the derivation 
of Schilder's theorem for W. In the main Section 2 the alternative proof of the LDP for W is given. 
We first introduce a new norm on the space of Holder continuous functions C Q ([0, 1],H) with val- 
ues in H which is motivated by the sequence space representation in Ciesielski's isomorphism, and 
generates a coarser topology. We adapt the description of the rate function to the Schauder series 
setting, and then prove the LDP for a basis of the coarser topology using Ciesielski's isomorphism. 
We finally establish the last ingredient, the crucial property of exponential tightness, by construction 
of appropriate compact sets in sequence space. 

1 Preliminaries 

In this section we collect some ingredients needed for the proof of a large deviations principle 
for Hilbert space valued Wiener processes. We first prove Ciesielski's theorem for Hilbert space 
valued functions which translates properties of functions into properties of the sequences of their 
Fourier coefficients with respect to complete orthonormal systems in L 2 ([0, 1]). We summarize 
some basic properties of Wiener processes W with values in a separable Hilbert space H. We then 
discuss Fourier decompositions of W, prove that its trajectories lie almost surely in C°([0, 1],H) 
and describe its image under the Ciesielski isomorphism. We will always denote by H a separable 
Hilbert space equipped with a symmetric inner product (•,•) that induces the norm ||-||h and a 
countable complete orthonormal system (CONS) (e&) k £ N. 

1.1 Ciesielski's isomorphism 

The Haar functions (xn, n > 0) are defined as Xo = 1, 



X2"+l(t) :-- 



v *■ ) 2 fc+1 — 2 fc+1 ' 

V ^ , 2 fe+l — — 2 fc + 1 ' ^ ' 

0, otherwise. 



The Haar functions form a CONS of L 2 ([0, 1], dx). Note that because of their wavelet structure, the 
integral Jj ^ Xndf is well-defined for all functions /. For n = 2 k + 1 where fcgff and < I < 2 k — 1 

we have L ±] XndF = V¥[2F(^;) - F(|£±|) - F(-^ T )], and it does not matter whether F is a 
real or Hilbert space valued function. 

The primitives of the Haar functions are called Schauder functions, and they are given by 

M*)= I Xn(s)ds,te [0,1], n >0. 
h 

Slightly abusing notation, we denote the a-H61der seminorms on C Q ([0, 1]; H) and on C Q ([0, 1];R) 
by the same symbols 

117711 - qiin \\F(t) ~ F(s)\\ H FGC nr ) , Vm 

\\±i \\ a .— sup , t G C a {[U, 1J, -HJ, 

0<s<t<l \t — S\ 

\\f\\ a := sup lf ®~ f ,i S)l , /eC a ([0,l];R) 

0<s<t<l \t — S\ 

Cq,([0, 1]; H) is of course the space of all functions F : [0, 1] — > H such that \\F\\ a < oo, and similarly 
for C Q ([0, 1];R). We also denote the supremum norm on C([0, 1]; H) and C([0,1];R) by the same 
symbol ||-||oo- 

Denote in the sequel for an i?-valued function F its orthogonal component with respect to e k by 
F k = {F, e k ), k > 0. Further denote by P k (resp. R k ) the orthogonal projectors on span(ei, • • • , e k ) 
(resp. its orthogonal complement), k > 0. For every F E C a ([0, 1];H), every k > 0, s,t E [0, 1] we 
have 

\(F(t),e k )-(F(s),e k }\<\\F(t)-F(s)\\ H 

More generally, for any k > 0,s,t E [0,1] we have 

\\P k F(t) - P k F(s)\\ H < \\F(t) - F(s)\\ H , \\R k F(t) - R k F(s)\\ H < \\F(t) - F(s)\\ H . 

Our approach starts with the observation that we may decompose functions F E C a ([0, 1]',H) 
by double series with respect to the system {(j) n e k : n, k > 0). 

Lemma 1. Let a E (0, 1) and F E C a ([0, 1]; H). Then we have 



~ oo oo ~ 

F = Yl / XndFcpn = VV / XndF k e k (p n 



with convergence in the uniform norm on C([0, 1];H). 

Proof. For the real valued functions F k ,k > 0, the representation 



oo „ 

F k = yZ XndF k (j) n 



is well known from Ciesielski (1960). Therefore we may write for F E C a ([0, 1]; H) 



F = J2 F ke k 

fc=0 
oo oo „ 

= 5^ efc 5^ / XndF k (j) n 
fc=0 n=0 J i^] 
oo oo „ 

= y2T2 XndF k e k 4> n 

n= o k=0 J m 

oo „ 

= y~) XndF(j) n . 



To justify the exchange in the order of summation and the convergence in the uniform norm, we 
have to show 



lim 

N,m—>oo 



Y] / XndRmF(/) n 
n>N J l°' 1 ] 



0. 



For this purpose, note first that by definition of the Haar system for any n, m > 0, n = 2 + 1, where 
< I < 2 k - 1 



XndR m F 



0.1] 



H 



2R m F I — R m F — R m F 



2 fc+i 



2 k+i 



H 



ok 

2 k+l 

< 2\\R m F\\ a 2- a ( k+1 h^ k 

— IIP T7\\ o-a(fc+l)+^fc+l 

— \\ lt 'rn 1 \\a^ 

Therefore and for K > such that 2 K < N < 2 K+1 , using the fact that (j) 2 k +h <l<2 k -l have 
disjoint support and that ||<^2 fe +«lloo < 2^2^ ( we obtain 



Y] / XndR m F(f> r 

n>N J i°^ 



k>K 



Yl / X2"+ldF(p 2 k +l 



< 2, su p 

k>K 0<l<2*-l 



— 2—/ ll-^i-^IU^ 

k>K 



[0,1] 
a(k+l) 

a\—k 



X2 k +idR m F 



_£_1 



2 _ 2 



fc>K 



K,m— >oo 



■>0. 



Here we use H-Rm-FHa < H-^Ha < oo for all m > 0, the fact that \ivo. m ^ 00 R m F [t) = for any 
t € [0, 1], and dominated convergence to obtain lim m _ >00 ||.R m .F|| a = 0. □ 

A closer inspection of the coefficients in the decomposition of Lemma 1 leads us to the following 
isomorphism, described by Ciesielski (1960) in the 1-dimensional case. To formulate it, denote by 
Cq the space of H- valued sequences (/7n)neN such that lim n _ s . 00 ||?7 ri ||# = 0. If we equip Cq with the 
supremum norm (using again the symbol ||-||oo), it becomes a Banach space. 

Theorem 1 (Ciesielski's isomorphism for Hilbert spaces). Let < a < 1. Let (Xn) denote the Haar 
functions, and (4> n ) denote the Schauder functions. Let for 0<n = 2 k + l>0, where < I < 2 k — 1 



c (a):=l, c n {a):=2 k ^- 1 ^ +a ' 1 . 



Define 



JF 



n£N 



Tf :C£([0,1];#)^C<? F^(c n (a)[ Xn c 

V J PA] 

Then T„ is continuous and bijective, its operator norm is 1, and its inverse is given by 

oo 

(T»ri:C»^C° a ([0,l];H), ( % ) ^ £ 

The norm of {T^)~ l is bounded by 

-iff\-l| 



71=0 



c„ a 



\(T* 



< 



(2 a - l)(2 1 " a - 1) 



Proof. Observe that for n G N with n = 2 k + /, < I < 2 k - 1 



XndF 



[0,1] 

2 k 



n 



2F ,1±±\- F (1±1\- F < * 



2 k+i 



2 fc+i 



2 fc+] 
• 2H-1 - 



11 



1 / ||- r l2 fc + 1 '' ^2 fc+1 ''llif \\ r \2 k + 1 ) ^2 k+1 '\\H 



< 



< 



2c a (n) 

1 

Cain) ty 

1 

c«(n) 



sup 

:£[0,1], |t-s|<2- fc - 1 

\F\\„. 



2~a(k+l) 2~ a ( k + 1 ) 

\\F(t) - F(s)\\ H 



t- s 



This gives the desired bound on the norm. Moreover, since F G C^([0, 1], H) we have 

\\F(t) - F(s)\\ H 



lim CQ,(n) 



[0,1] 



Xnrfi 7 



11 



< lim sup 

n ^°° t,«6[0,l], |*-s|<2"fe-i I* - s r 



o. 



Thus the range of T^ is indeed contained in Cq . Taking F : [0, 1] — > H with F(s) = se\ for s G [0, 1] 
we find that T^(F) = (ei,0, 0, ...), thus ||F|| a = ||T^f (iOHoo- Therefore \\T**\\ = 1. Clearly T* is 
injective. 

To see that T„ is bijective and that the inverse is bounded as claimed, define 



A:C»^C° a ([0,l];H), (r, n ) H- JT 



'//i 



n=0 



c„ a 



Now a straightforward calculation using the orthogonality of the (Xn)n>o gives for any (r) n ) n >Q C Cq^ 



rf o A(( % )„^o) = t? (J2 



n„ 



\n=0 



c n (a) 



L n,m=0 ^I ' 1 ! 



mGN 



oo „ 

^2 Vn Xn(t)Xm(t)dt 



m(zi 



,n,m=0 
= (Vm)m>0- 
Consequently we can infer that A = (T^) _1 . 

We still have to show that (T^)^ 1 satisfies the claimed norm inequality and maps every se- 
quence (r/ n ) n >o G Cq to an element of C^([0,1],H). For this purpose let (r/ n ) n >o G Cq , set 
F = (T^ )~ 1 ((?/n)) and let s,t G [0, 1] be given. Then we have 



oo 2*-l 



||F(t) - F( S )|| H < [|fa»)„>o[|oo |t - s\ + J2 E 



fe=0 1=0 



c 2 k(a) 



The term in brackets on the right hand side is exactly the one appearing in the real valued case 
(Ciesielski (I960)). Consequently we have the same bound, given by 

||/ r -H\-l|| < * 

IK a J II - ( 2 a_l)(2«-i - 1) 

A more careful estimation yields 

oo 2 fc -l 

\\F{t) - F(s)\\ H < \\ m \\\t - s\ + Y, E -^^\\V2^i\\\^+i(t) ~ fo+i(s)\. 

k=o 1=0 ° 2 ^ a) 

This is the same expression as in the real valued case. Its well known treatment implies 

Km |f(.)-F(.)|, 

|t-s|->0 \t - S\ a 

This finishes the proof. D 

1.2 Wiener processes on Hilbert spaces 

We recall some basic concepts of Gaussian random variables and Wiener processes with values in a 
separable Hilbert space H . Especially we will derive a Fourier sequence decomposition of Wiener 
processes. Our presentation follows Da Prato and Zabczyk (1992). 

Definition. Let (Q, J-, P) be a probability space, m G H and Q : H — )■ H a positive self adjoint 
operator. An //-valued random variable X such that for every h G H 

E[exp(i(h, X))] = exp I i(h,m) (Qh,h) 

is called Gaussian with covariance operator Q and mean m G H. We denote the law of X by 

Af(m,Q). 

By Proposition 2.15 of Da Prato and Zabczyk (1992), Q has to be a positive, self-adjoint trace 
class operator, i.e. a bounded operator from H to H that satisfies 

1. (Qx,x) > for every x G H, 

2. (Qx, x) = (x, Qx) for every x £ H, 

3 - T,kLo(Q e k, e k) < oo for every CONS {e k ) k > . 

If Q is a positive, self-adjoint trace class operator on H, then there exists a CONS (ek)k>o such 
that Q&k = -^fc e fc) where A^ > for all k and X^fcLo ^ fc ^ °° - Note that for such a Q, an operator 
Q 1 / 2 can be defined by setting Q 1/2 e k := y/\k~e k , k G N . Then Q 1 / 2 Q 1 / 2 = Q. 

Definition. Let Q be a positive, self-adjoint trace class operator on H. A Q- Wiener process 
(W(t) : t G [0, 1]) is a stochastic process with values in H such that 

1. W(0) = 0, 

2. W has continuous trajectories, 

3. W has independent increments, 

4. C{W{t) - W{s)) = AA(0, {t - s)Q) 



In this case (W(ti), . . . , W(t n )) is H n -valued Gaussian for all t±, . . . , t n G [0, 1]. By Proposition 
4.2 of Da Prato and Zabczyk (1992) we know that such a process exists for every positive, self- 
adjoint trace class operator Q on H. To get the Fourier decomposition of a Q- Wiener process along 
the Schauder basis we use a different standard characterization. 

Lemma 2. A stochastic process Z on (H,B(H)) is a Q -Wiener process if and only if 

• Z = F-a.s., 

• Z has continuous trajectories, 

• cov((v, Z t )(w, Z s )) = (t A s)(v, Qw) \/v,w £H,\/0<s<t< oo, 

• \/(vi, ...,v n ) G H n ({vi, Z), ..., {v n , Z)) is aM n -valued Gaussian process. 

Independent Gaussian random variables with values in a Hilbert space asymptotically allow the 
following bounds. 

Lemma 3. Let Z n ~ J\f(0,Q), n G N, be independent. Then there exists an a.s. finite real valued 
random variable C such that 



\\Z n \\H <Cy/\ogn P a.s.. 

Proof. By using the exponential integrability of A||Z n |||^ for small enough A and Markov's inequality, 
we obtain that there exist A, c G M+ such that for any a > 

F{\\Z\\ H > a) < ce~ Xa2 . 

Thus for a > 1 and n big enough 

\Z n \\ H > y/X^alogn) < cn~ a . 



We set A n = < \\Z n \\i{ > a/A 1 alogn> and have 



J^P(^ n ) <oo. 

n=0 

Hence the lemma of Borel-Cantelli gives, that P(limsup n ^4 n ) = 0, i.e. P— a.s. for almost all n G 
we have ||Z n ||# < \/ \~ 1 a\ogn. In other words 

II 7 II 
^ W^n \\H ^ m 

G := sup —== < oo P — a.s. 

n>0 Vlog n 



D 

Using Lemma 3 and the characterization of Q- Wiener processes of Lemma 2, we now obtain its 
Schauder decomposition which can be seen as a Gaussian version of Lemma 1. 

Proposition 1. Let a G (0, 1/2), let (4> n ) n >o be the Schauder functions and (Z n ) n >o a sequence of 
independent, J\f(0,Q)- distributed Gaussian variables, where Q is a positive self adjoint trace class 
operator on H . The series defined process 



W t = J2Mt)Z n , tG[0,l], 



n=0 



converges P-a.s. with respect to the \\-\\ a -norm on [0,1] and is an H-valued Q- Wiener process. 



Proof. We have to show that the process defined by the series satisfies the conditions given in Lemma 
2. The first and the two last conditions concerning the covariance structure and Gaussianity of scalar 
products have standard verifications. Let us just argue for absolute and ||-|| a - convergence of the 
series, thus proving Holder-continuity of the trajectories. 

Since T^ is an isomorphism and since any single term of the series is even Lipschitz-continuous, 
it suffices to show that 

[ T S (X>n^ n ) :mGNj 

is a Cauchy sequence in Cq . Let us first calculate the image of term N under T^ . We have 

(T a (j) n Z n )N = l{ n= 7v}C7v(a)ZAT. 
Therefore for mi, 777-2 > 0,mi < m-i 

2 ] ( T a 4>nZ n )N = ^{m 1 <N<m 2 } c N{0L)Z N = I T Q I ^ 4> n Z n J J ■ 
n=m 1 \ \n=m 1 / / yV 

So if we can prove that cn((x)Zn a.s. converges to in H as N — > 00, the proof is complete. But this 
follows immediately from Lemma 3: cat(«) decays exponentially fast, and ||Zjv||h < C^/logN. D 

In particular we showed that for a < 1/2 W a.s. takes its trajectories in 

\\F(t) - F(s)\\ H 



C£([0, !];#):= 



F : [0, 1] -> ff, F(0) = 0, lim sup 

|i-s|<<5 



By Lipschitz continuity of the scalar product, we also have (F, e k ) 6 C^([0, 1]; R): 

Since P& and R k are orthogonal projectors and therefore Lipschitz continuous, we obtain that 
foTFeC°([0,l];H) 

sup||(F,e fc )|| a < ||F|| a . 

fc>0 

We also saw that T^{W) is well defined almost surely. As a special case this is also true for the 
real valued Brownian motion. We have by Proposition 1 

T*(W) = (c n (a)Z n ) 

where (Z n ) n >o is a sequence of i.i.d. jV(0, Q)— variables. 

Plainly, the representation of the preceding Lemma can be used to prove the representation 
formula for Q- Wiener processes by scalar Brownian motions according to Da Prato and Zabczyk 
(1992), Theorem 4.3. 

Proposition 2. Let W be a Q-Wiener process. Then 

00 
W(t) = Y,V^kPk{t)e k , t E [0,1], 
fc=0 
where the series on the right hand side F-a.s. converges uniformly on [0, 1], and {(3k)k>o * s a sequence 
of independent real valued Brownian motions. 

Proof. Using arguments as in the proof of Theorem 1 and Lemma 3 to justify changes in the order 
of summation we get 

00 

n=0 fc>0n>0 fc>0 n>0 fc>0 

where the equivalences are P-a.s. and {N n ,k)n,k>Qi (Pk)k>o are rea l valued iid A/"(0, 1) random 
variables resp. Brownian motions. For the last step we applied Proposition 1 for the one-dimensional 
case. □ 



1.3 Large deviations 

Let us recall some basic notions of the theory of large deviations that will suffice to prove the 
large deviation principle for Hilbert space valued Wiener processes. We follow Dembo and Zeitouni 
(1998). Let X be a topological Hausdorff space. Denote its Borel cr-algebra by B. 

Definition (Rate function). A function I : X — > [0,oo] is called a rate function if it is lower 
semi-continuous, i.e. if for every C > the set 

*/(C) :={xeX : I(x) < C} 

is closed. It is called a good rate function, if \I//(C) is compact. For A G B we define 1(A) := 
infa. 6 ^J(x). 

Definition (Large deviation principle). Let / be a rate function. A family of probability measures 
(/x £ ) e >0 on (X, B) is said to satisfy the large deviation principle (LDP) with rate function / if for 
any closed set F <Z X and any open set G C X we have 

limsupelog// £ (F) < —1(F) and 

liminf£log/i £ (G) > -1(G). 

Definition (Exponential tightness). A family of probability measures (/%) e >o is sa id to be expo- 
nentially tight if for every o > there exists a compact set K a C X such that 

lim sup e log /i e (i^) < — a. 

In our approach to Schilder's Theorem for Hilbert space valued Wiener processes we shall mainly 
use the following proposition which basically states that the rate function has to be known for 
elements of a sub-basis of the topology. 

Proposition 3. Let Qq be a collection of open sets in the topology of X such that for every open set 
G C X and for every x G G there exists Gq S Qq such that x £ Go C G. Let I be a rate function and 
let (fJ, £ )e>0 be an exponentially tight family of probability measures. Assume that for every G € Go 
we have 

— inf I(x) = lime log fi e (G). 

Then I is a good rate function, and (/i e ) e satisfies an LDP with rate function I. 

Proof. Let us first establish the lower bound. In fact, let G be an open set. Choose x G G, and a 
basis set Go such that x G Go C G. Then evidently 

liminf eliifi e (G) > liminf eln// e (Go) = — inf L(y) > —I(x). 

e->0 e-^0 2/eGo 

Now the lower bound follows readily by taking the sup of —I(x),x G G, on the right hand side, the 
left hand side not depending on x. 

For the upper bound, fix a compact subset K of X. For 5 > denote 

L 5 (x) = (L(x) -5)A-, xeX. 
o 

For any x G K, use the lower semicontinuity of /, more precisely that {y G X : I(y) > I (x)} is 
open to choose a set G x G Qo such that 

—I (x) > limsupeln/i £ (G a; ). 



Use compactness of K to extract from the open cover K C U x ^kG x a finite subcover K C U" =1 G Xi . 
Then with a standard argument we obtain 

limsup£m/i e (.ftT) < max limsupeln/x £ (G Xi ) < — min I (xt) < — inf / (x). 

e— >0 l<i<n e — >o l<i<n x&K 

Now let 6 — > 0. Finally use exponential tightness to show that I is a good rate function (see 
Dembo and Zeitouni (1998), Section 4.1). □ 

The following propositions show how large deviation principles are transferred between different 
topologies on a space, or via continuous maps to other topological spaces. 

Proposition 4 (Contraction principle). Let X and Y be topological Hausdorff spaces, and let 

1 : X — > [0, oo] be a good rate function. Let f : X — > Y be a continuous mapping. Then 

J* : Y -> [0, oo], I'(y) = inf{/(x) : f(x) = y} 

is a good rate function, and if (fi £ ) £> o satisfies an LDP with rate function I on X, then (f^e o f~ 1 )e>0 
satisfies an LDP with rate function V onY. 

Proposition 5. Let (fj, e ) e> Q be an exponentially tight family of probability measures on (X,B T2 ) 
where B T2 are the Borel sets of T2- Assume (/i e ) satisfies an LDP with rate function L with respect 
to some Hausdorff topology t\ on X which is coarser than t<i, i.e. t<i C t\. Then (p e ) e> Q satisfies 
the LDP with respect to T2, with good rate function L. 

The main idea of our sequence space approach to Schilder's Theorem for Hilbert space valued 
Wiener processes will just extend the following large deviation principle for a standard normal 
variable with values in M to sequences of i.i.d. variables of this kind. 

Proposition 6. Let Z be a standard normal variable with values in ]R ; 

I:R-> [0,oo), x^ y, 

and for Borel sets B in~R let n e (B) := F(^/eZ € B). Then (fj> e ) e> o satisfies a LDP with good rate 
function L . 

2 Large Deviations for Hilbert Space Valued Wiener Processes 

Ciesielski's isomorphism and the Schauder representation of Brownian motion yield a very elegant 
and simple method of proving large deviation principles for the Brownian motion. This was first 
noticed by Baldi and Roynette (1992) who gave an alternative proof of Schilder's theorem based 
on this isomorphism. We follow their approach and extend it to Wiener processes with values on 
Hilbert spaces. In this entire section we always assume < a < 1/2. By further decomposing the 
orthogonal 1-dimensional Brownian motions in the representation of an H -valued Wiener process 
by its Fourier coefficients with respect to the Schauder functions, we describe it by double sequences 
of real- valued normal variables. 

2.1 Appropriate norms 

We work with new norms on the spaces of a-H61der continuous functions given by 



I F\\' — \\T H F\\ — sun 
\ 1 Wet • — ll-'-a ± Woo — sup 



k.n 



c n (a) I Xn(s)d(F,e k )(s) 

[0,1] 



\T a f\\oo = sup 



Cn{a) I Xn(s)df(s) 

[0,1] 
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FeC° a ([0,l];H), 

,/eC°([0,i];M). 



Since T„ is one-to-one, ||.|| Q is indeed a norm. Also, we have ||.|| a < ||.|| Q . Hence the topology 
generated by ||.[| Q is coarser than the usual topology on C^([0, 1],H). 

Balls with respect to the new norms U^(F) := {G G C°([0, 1];H) : \\G - F\\' a < 5} for 
F G Cq([0, 1]; H), S > 0, have a simpler form for our reasoning, since the condition that for 6 > a 
function G G C^([0, 1],H) lies in U^(F) translates into the countable set of one-dimensional condi- 
tions \(T^(F) n - T^(G) n , e k )\ < 5 for all n, k > 0. This will facilitate the proof of the LDP for the 
basis of open balls of the topology generated by ||.|| Q . We will first prove the LDP in the topolo- 
gies generated by these norms and then transfer the result to the finer sequence space topologies 
using Proposition 5, and finally to the original function space using Ciesielski's isomorphism and 
Proposition 4. 

2.2 The rate function 

Recall that Q is supposed to be a positive self-adjoint trace-class operator on H. Let Hq : = 
(Q 1 * 2 !!, ||-||o), equipped with the inner product 

{x,y) So := (Q-^ 2 x,Q-^ 2 y) s , 

that induces the norm ||-||o on Hq. We define the Cameron-Martin space of the Q- Wiener process 
Why 

U := If G C([0,1];H) : F(-) = f U(s)ds for some U G L 2 ([0, 1]; H ) 1 . 

Here L 2 ([0, 1]; Hq) is the space of measurable functions U from [0, 1] to Hq such that L \\U\\jj dx < 
oo. Define the function / via 

/:C([0,l];#)^[0,oc] 

F m. inf |i J ||l7(s)||^ da : U G L 2 ([0, 1];F ),F(-) = J U(s)ds 

where by convention inf = oo. In the following we will denote any restriction of / to a subspace 
of C([0, 1];H) (e.g. to (C Q ([0, 1];H)) by I as well. We will use the structure of H to simplify our 
problem. It allows us to compute the rate function / from the rate function of the one dimensional 
Brownian by the following Lemma. 

Lemma 4. Let I : C([0, 1];R) be the rate function of the Brownian motion, i.e. 

ji t\ _ / in \f( s )\ 2 d s i /(•) = Jn f( s )ds for a square integrable function /, 
\ oo, otherwise. 

Let (\k)k>o be the sequence of eigenvalues of Q. Then for all F G C([0, 1]; H) we have 

oo ^ 

/(F) = ^-/((F,e fc )). 
fc=0 k 

where we convene that c/0 = oo for c > and 0/0 = 0. 

Proof. Let FG C([0, 1]; H). 
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1. First assume 1(F) < oo. Then there exists U € L 2 ([0, l];i?o) such that F = L U(s)ds and 
thus (F,e k ) = L(U(s),e k )ds for k > 0. Consequently we have by monotone convergence 



W(s)\\ 2 Ho ds = - 







^2(U(s),e k )e k 



fc=0 



ds 



»1 oo 



H 

i 



^° k=0 

„1 oo 

JU k=0 K 



oo 1 



k=0 



A fc 



The last expression does not depend on the choice of U. Hence we get that 1(F) < oo implies 

I(F) = ET=oi:n(F,e k )). 

2. Conversely assume Ylh=o X~ -^((-^ efc )) < °°- Since I((F, e k )) < oo for all k > 0, we know that 
there exists a sequence (U k ) k >Q of square-integrable real-valued functions such that (F,e k ) = 
Jo U k (s)ds. Further, those functions U k satisfy by monotone convergence 

fl » , oo -I /■! oo _ 

/ Er |c/fc(s)|2ds = ^r/ i^(«)i 2 ^ = Er /((jF ' efc>)<0 °- 

- 70 k=0 fc fc=0 fc - 70 k=0 fc 

So if we define U(s) := J2T=o U k (s)e k , s G [0, 1], then U G L 2 ([0, l];fl"o)- This follows from 

„1 »i oo 

*7eL 2 ([0,l];tfo)iff / 11^)11^^=/ V-|t4(s)| 2 ^<oo. 

Jo JO fe=Q Afc 

Finally we obtain by dominated convergence (||.F(t)||# < oo) 

oo oo ~t ~t 

F(t) = Y j (F(t),e k )e k = Y^e k / U k (s)ds = / U(s)ds, 

u-n u-a JO JO 



k=0 



k=0 



such that 



1(F) < \ f\\U(s)f Ho d S = \ f'JTylUUstfds < oo. 

JO JO i — n k 



Combining the two steps we obtain 1(F) < oo iff X^A^=o J~I((F, e k )) < oo and in this case 



oo 1 

. — : Az, 



k=0 



This completes the proof. 

Lemma 4 allows us to show that / is a rate function. 
Lemma 5. I is a rate function on (C°([0, l];iJ), ||.|| a ). 



D 
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Proof. For a constant C > we have to prove that if (-F n )n>o C. ^i(C) n C°([0, 1]; H) converges in 
C°([0, 1];H) to F, then F is also in */(C). 

It was observed in Baldi and Roynette (1992) that I is a rate function for the ||.| ^-topology 
on Cq([0, 1 1 ; M.) . By our assumption we know that for every k G N, ({F n ,e k )) n >o converges in 
(C Q ([0,1|;R),||.||^) to (F,e k ). Therefore 

/((F,e fe ))<Uminf/((F n ,e fe )) ! 

n— >oo 

so by Lemma 4 and by Fatou's lemma 

oo .. oo 1 

C > liminf I{F n ) = liminf V — I((F n ,e k )) > V) — liminf I((F n ,e k )) 

T7. — inn n — ioo ^ — * Ai ^ — * Ai 77. — ino 



n— >oo - — ■ /\il 
fc=0 K 



fc=0 



1 z 



>£-I«F,e fe ))=/(F). 



fc=0 



Afe 



Hence F G */(C). 



D 



2.3 LDP for a sub-basis of the coarse topology 

To show that the Q- Wiener process (W(t) : t G [0, 1]) satisfies a LDP on (C Q ([0, 1];F), ||.|| a ) with 
good rate function / as defined in the last section we now show that the LDP holds for open balls in 
our coarse topology induced by || . || a . The proof is an extension of the version of Baldi and Roynette 
(1992) for the real valued Wiener process. 

For e > denote by fj, £ the law of y/eW, i.e. /j, £ (A) = F(^eW G A), A G B(H). 



Lemma 6. For every 5 > and every F G C^([0, 1]; H) we h 



ave 



]mxe\o Zl x e {U 5 a {F)) = - inf /(G). 



Proof. 1. Write T? F = {Y% =Q F n>k e k ) nm . Then y/eW is in U 5 a (F) if and only if 



sup 

k,n>0 



ec n (a) I Xnd{W,e k ) - F k , 



<5. 



Now for k > we recall (W,e k ) = \/Afc/3fc, where (f3 k ) k >o is a sequence of independent standard 
Brownian motions. Therefore for n, k > 



Xnd(W, e k ) 



A k Z kn 



where (-^fc,n)fc,n>o i s a double sequence of independent standard normal variables. Therefore by 
independence 



k,n 



<6 



» e (Ui(F)) = Fl f| \c n {a)^/I\ k Z k)n -F } 

yfc.neNo 

oo oo 

= ] I ¥ (c n (a) y/^Z k>n G (F k , n -S,F ktn + S)). 



fc=0 n=0 

To abbreviate, we introduce the notation 



P fci „(e) = P {cn{a)^/IX k Z k)n G (F fc) „ - <5, F fe , n + 5)) , e > 0, n, k G N . 
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For every k > we split No into subsets A^, i = 1,2,3,4, for each of which we will calculate 
njfeloIIneAf P ",fc( £ ) separately. Let 

Af = {n>0:0£ [!%„-$, i% n + <$]} 

Al = {n>0: F Kn = ±5} 

A| = {n > : [-5/2, 5/2} C [F Kn - 5, F^ n + 5}} 

A4 = (A* UA2 U Af) c . 

By applying Ciesielski's isomorphism to the real- valued functions (F, e k ), we see that for every 
fixed k, A3 contains nearly all n. Since (T^ F) n converges to zero in H, in particular sup fc>0 \F kn \ 
converges to zero as n — > 00. But for every fixed n, (F kin ) k i s in I 2 and therefore converges to zero. 
This shows that for large enough k we must have A3 = No, and therefore Ufc(A3) c is finite. 
2. First we examine 11/^=0 llneA fe ^k,n( £ )- Note that for n G A3 we have 

[-5/2,5/2] c[Fu n -S,F k>n + S\, 



and therefore 
















00 

n n p ^^ £ ) 

fc=0neA* 


00 /■ 

>nn p K 

fe=0 n eA§ V 


c( 5 




5 






n V 2c n (a), 


/eAfc 


' 2c n (a)\ 


fe\k 






00 / 

=nn 1- 

fc=0neA§ \ 


[2 r°° 

V tt J S /(2c n (a)^/i 


Al) 


"V 2 ^ 




For a > 1 we 


have f°° e~ x > 2 dx < e~ a > 2 . Thus for small enoui 


^h e: 








00 

nn f > 

fc=0 neAg 


00 

.»oo ^ n n 

fc=0 ne A§ 


1 - vf exp ( 




52 \ 


\ 




8c 2 


(a)e\ k J 


)' 



This amount will tend to 1 if and only if its logarithm tends to as e — > 0. Since log(l — x) < —x 
for x G (0, 1), it suffices to prove that 

00 / A 2 \ 

limVVexp , ° 1=0. (2) 

This is true by dominated convergence, because c n (a) = 2 n ^ a ~ l ' 2 > +a ~ 1 , and since (X k ) G /i- 
We will make this more precise. First observe that for a > 

e~ a < -e" 1 
a 

if log(a) — a < — 1. 

For k, n > we write 77^ = „ $, > , . Clearly there exists a finite set T C Ng such that log(7? n) fc) — 
??n,fc < —1 for all (n, k) G T c . We set C = Yl(n,k)eT e~ Vn ' k and get 

fc= on=o v zc n {a)eA k ; (njfc)eT c 



00 1 

< c + -^— E Afc E c ™( a ) 2 < 



fc>0 n>0 
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3. Since UfexjA^ is finite, and since for every n in A4 the interval (J- kin — $,J~kn + 8) contains a 
small neighborhood of 0, we have 

00 
limj] J] P fc ,„(e) = l. (3) 

k=0 neA* 

4. Again because UfcxjA^ is finite, we obtain from its definition that 

00 
limj [ F fc)W (e)=2-lu*A*|_ (4) 



£->0 



fc=0n6A* 



5. Finally we calculate lim £ _).o IlfcLo OneA* ^k,n( e )- F° r given k,n define 

Fk,n — 8, F kn > 5, 



F k ,n + 5, F k}n < -5. 

We know that Z k>n is standard normal, so that by Proposition 6 for n G A 

F 2 
lime log F° k Je) 



and therefore again by the finiteness of U^A^ 



00 00 rp2 

k.n 



k=0 n& K\ fc=0neAj nV ' 



6. Combining (2) - (5) we obtain 

fc,ri 



F 2 



So if we manage to show 

00 ^2 

-V-V^\ = - inf /(G), 

fc=0 ngAj 
the proof is complete. By Ciesielski's isomorphism, every G G C„([0, 1]; H) has the representation 

Gk,n 1 



00 00 



fe=0 
Its derivative fulfills (if it exists) for any /c > 



fe=0 n=0 nv ; 



00 „ 

{G,e k ) = T"— rrXn- 

Since the Haar functions (Xn)n>o are a CONS for L 2 ([0, 1]), we see that I((G,e k )) < 00 if and only 
if {Gk,n/c n (oi)) G I2, and in this case 



1 pi °° 

I((G,e k )) = - (G(s),e k ) 2 ds = Y, 

"0 »i — n 



00 ^2 
U k,n 



n=0 " v y 
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So we finally obtain with Lemma 4 the desired equality 

oo 

-&„ J ^ = *&„ E TT^ e *» = ** E 77 E 



GeuJiF) * gSJ(F) £^ A fc " gSJ(F) ^ A fc ^ 2 C 2 (q) 

F 2 

fc,n 



oo 1 

E A^ E 2c 2 Ja) 
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2.4 Exponential tightness 



The final ingredient needed in the proof of the LDP for Hilbert space valued Wiener processes is 
exponential tightness. It will be established in two steps. The first step claims exponential tightness 
for the family of laws of y/eZ, e > 0, where Z is an JT-valued A/"(0, Q)-variable. 

Lemma 7. Let e > and v £ =¥o (y/eZ)~ l for a centered Gaussian random variable Z with values 
in the separable Hilbert space H and covariance operator Q. Then (^ e )ee(0,i] is exponentially tight. 
More precisely for every a > there exists a compact subset K a of H , such that for every e G (0, 1] 

v e {K c a ) < e~ a l s 

Proof. We know that for a sequence (6fc)fc>o converging to 0, the operator TV) := Ylk=o bk{'> e k) e k 
is compact. That is, for bounded sets A <Z H the set TV) (.A) is precompact in H. Since H is 
complete, this means that cZ(TV)(A)) is compact. Let a' > to be specified later. Denote by 
B(0, y/a/ ) C H the ball of radius yai in H. We will show that there exists a zero sequence (6fc)fc>0) 
such that the compact set K a i = cZ(TV )(2?(0, y/aJ))) satisfies for all e G (0, 1] 

F(y/eZ G {K a ,f) < ce~ a 'l £ . (6) 

with a constant c > that does not depend on a! . Thus for given a, we can choose a' > a such that 
for every e G (0, 1] 

c < e (a '" a)/£ 

and therefore the proof is complete once we proved (6). 

Since Z is Gaussian, e " " H is integrable for small A, and we can apply Markov's inequality to 
obtain constants \(Q),c(Q) > such that P(||Z||jj > vV) < c(Q)e~ x ^ a ' . 

Note that if (Xk)k>o G Z 1 , we can always find a sequence (ck)k>o such that lim^oo c^ = oo and 

J 



^ fc>0 CfcAfc < oo. For (3 > that will be specified later, we set bk = y f~ f° r an k > 0. We can 
define (TVj) -1 = ^^L ^('> e k) e k- This gives 

P(ViZ G {K a ,f) < F(^(T (bk) )-\Z) i 5(0, vV)) 

= F(\\(T {bk) r 1 (Z)f H >^) 



e 



f> fe |(Z, efe >| 2 >^ 
vfc=o ' , 




where Z is a centered Gaussian random variable with trace class covariance operator 

oo 

Q = y^c fc A fc (-,e fc )e fc . 



fc=0 
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Consequently we obtain 



F(^Z £ (K a ,) c ) < c(Q)e 



HQ)P"' 



Choosing (3 = — -- proves the claim (6). 
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With the help of Lemma 7 we are now in a position to prove exponential tightness for the family 
0Oe6(0,l]- 
Lemma 8. (/J>e)ee(0,l] * s an exponentially tight family of probability measures on (C°([0, 1];H), 

Proof. Let a > 0. We will construct a suitable set of the form 

oo 

such that 



n=0 



lim sup e log fx E 



'T?V l k a 



< -a. 



Here each K% is a compact subset of H, such that the diameter of K% tends to as n tends to 
oo. Then K a will be sequentially compact in Cq by a diagonal sequence argument. Since Cq is a 
metric space, K a will be compact. As we saw in Theorem 1, (T^)~ l is continuous, so that then 
K a := {T*)- l {K a ) is compact in (C°([0, 1],H), \\-\\ a ). 

Let v £ = P o (yfeZ)~ l for a random variable Z on H with Z ~ A/"(0, Q). By Lemma 7, we can 
find a sequence of compact sets {K^) n &] C H such that for all e E (0, 1]: 



MiKY) < exp 



(n + l)a 



£ 



To guarantee that the diameter of the K% converges to zero, denoting by B(0, d) the closed ball 
of radius d around 0, we set 



Ka := ^ Cn(a) lB[0,\l^±^\ 



n=0 



Since c n (a)y / a(n + 1)/A — )■ as n — > oo, this is a compact set in Cq . Thus K a := (T^) -1 ^") is 
compact in (C°([0, 1],H), ||-|| Q ). 

Remember that by Lemma 1 we have W = Yln^o^n^n, where (Z n ) n >o is an i.i.d. sequence of 
J\f(0,Q)— variables. This implies T^(W) = (c n (a)Z n ) n >o and thus for any e £ (0,1] 



M(*° 



U„ eNo { c n (a)Ve~Z n G I c n {a) I B I 0, x j a ^ n + l > ] 



A 



<Y, U{[KY) + v [\\z n \\> 



n=0 

oo 

I e e + ce 



a(n + 1 



sA 



71=0 



-(n+l)a 



a(n + l) 



(1 + c)- 



e e 



1-e" 



So we have 



limsupelog// £ ((K a ) c ) < -a, 

£^0 



a 
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We now combine the arguments given so far to obtain an LDP in the Holder spaces. 

Lemma 9. (fJ-e)ee(o,i] satisfies an LDP on (C°([0, 1];H), \\.\\ a ) with good rate function I. 

Proof. We know ||.|| a < ||.|| a . Therefore the ||.|| a -topology is coarser, which in turn implies that 

every compact set in the ||.||q, -topology is also a compact set in the ||.|| a -topology. From Lemma 8 

we thus obtain that (fJ-e)e£(0,i] i s a ^ so exponentially tight on (C°([0, 1]; H), ||.||^). 

Proposition 3 implies that (// £ ) E g(o i] satisfies an LDP with good rate function I on (C^([0, 1]; H), 

II 11°) 
II Wal 

Finally we obtain from Proposition 5 and from Lemma 8 that (/i E )es(o,l] satisfies an LDP with 
good rate function / on (C°([0, 1];H), \\.\\ a ). D 

We may now extend the LDP from (C°([0, 1]; H), \\.\\ a ) to (C a ([0, l];H), \\.\\ a ). This is an 
immediate consequence of the contraction principle (Proposition 4), since the inclusion map from 
Cq([0, 1]; H) to C Q ([0, 1]; H) is continuous. Similarly we can transfer the LDP from C^([0, 1]; H) to 
C([0, 1]; H), the space of continuous functions on [0, 1] with values in H, equipped with the uniform 
norm. 

Theorem 2. Let (W(t) : t € [0, 1]) be a Q-Wiener process and let for e € (0, 1] \i e be the law of 
y/eW . Then (jU £ ) e g(oii satisfies an LDP on (C([0, 1];H), ||.||oo) with rate function L. 

Proof. First we can transfer the LDP from (C°([0, 1]',H), \\.\\ a ) to (C°([0,1];H), \\-\\oo)- This is 
because on C^([0, 1]; H), ||.||oo< ll-IU> whence the ||.||oo -topology is coarser. Therefore / is a good 
rate function for the || - ||cao -topology as well, and (/i e ) e g(o,il satisfies an LDP on (C^([0, 1]; H) : ||.||oo) 
with good rate function /. 

The inclusion map from (C^([0, 1]; H), ||.||oo) to (C([0, 1];H), ||-||oo) is continuous, so that an 
application of the contraction principle (Proposition 4) finishes the proof. □ 
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